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ABSTRACT Statistical reasoning was one of the earliest methods to draw insights from data. However, over
the last three decades, association rule mining and online analytical processing have gained massive ground
in practice and theory. Logically, both association rule mining and online analytical processing have some
common objectives, but they have been introduced with their own set of mathematical formalizations and
have developed their specific terminologies. Therefore, it is difficult to reuse results from one domain in
another. Furthermore, it is not easy to unlock the potential of statistical results in their application scenarios.
The target of this paper is to bridge the artificial gaps between association rule mining, online analytical
processing and statistical reasoning. We first provide an elaboration of the semantic correspondences
between their foundations, i.e., itemset apparatus, relational algebra and probability theory. Subsequently,
we propose a novel framework for the unification of association rule mining, online analytical processing and
statistical reasoning. Additionally, an instance of the proposed framework is developed by implementing a
sample decision support tool. The tool is compared with a state-of-the-art decision support tool and evaluated
by a series of experiments using two real data sets and one synthetic data set. The results of the tool validate
the framework for the unified usage of association rule mining, online analytical processing, and statistical
reasoning. The tool clarifies in how far the operations of association rule mining and online analytical
processing can complement each other in understanding data, data visualization and decision making.

INDEX TERMS Association rule mining, data mining, online analytical processing, statistical reasoning.

I. INTRODUCTION

Decision support techniques play an essential role in today’s
business environment. Since the 17th century, statistical
reasoning (SR) has been used extensively to shape business
decisions [1] and it was the earliest method to draw insights
from data. With the emergence of decision support sys-
tems (DSSs) in the 1970s [2], SR is frequently used in DSSs
and decision support tools, just take SPSS (Statistical Pack-
age for the Social Sciences) [3] or SAS (Statistical Analysis
System) [4] as examples. With the rise of information tech-
nology in the 1990s, online analytical processing (OLAP) [5]
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and association rule mining (ARM) [6] have emerged as
powerful decision support techniques (DSTs) [7], both with
their specific rationales, objectives, and attitudes. Over the
years, both OLAP and ARM have gained massive ground in
practice (Cognos, SAP-BW resp. RapidMiner, Orange — to
name a few) and, similarly, massive attention in the research
community. Unfortunately, both OLAP and ARM have been
introduced together with their own genuine mathematical for-
malizations and developed their specific terminologies. This
makes it hard to reuse results from one domain in another;
in particular, it is not always easy to unlock the potential of
statistical results in OLAP and ARM application scenarios.
OLAP represents relational data [8] in multi-dimensional
views using roll-ups, drill-downs, slices, dices, etc.
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FIGURE 1. Semantic correspondences between association rule mining, online analytical processing and

statistical reasoning.

In contrast, ARM relies on the notion of itemsets and frequent
itemsets [9] in transaction databases. The correspondences
between OLAP and ARM might seem rather simple, but it is
neither fully elaborated in the state of the art nor implemented
in practice. Because of the strong involvement of SR, OLAP,
and ARM in decision-making, this paper aims to bridge the
artificial gaps between them. We contribute by elaborating
the semantic correspondences between the foundations of SR,
OLAP, and ARM, i.e., probability theory, relational algebra,
and the itemset apparatus.

In Fig. 1, a graphical representation of the process of deter-
mining the semantic correspondence between the SR, OLAP,
and ARM is shown. The solid rectangles are used to indicate
the selected DSTs, and the blue dashed lines rectangles are
used to indicate the foundations of DSTs. The adoption of
concepts in between OLAP and ARM (and vice versa) is
referred to as automatic OLAP [10] and multi-dimensional
ARM [11], respectively. In Table 1 and Table 2, we provide
a list of abbreviations and frequently used symbols that are
being used throughout the paper.

In the process of establishing semantic correspondences
between the three DSTs, probability theory and, in particular,
conditional expected values (CEVs) are at the center of our
considerations. CEVs correspond to sliced average aggre-
gates in OLAP and would correspond to potential ratio-scale
con dences in a generalized ARM [12]. Based on the seman-
tic correspondences between the DSTs, we are convinced that
it is possible to design advantageous next-generation features
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of advanced decision support tools. A series of popular deci-
sion support tools is given in Fig. 2. We use software polls by
KDnuggets [13] in the years 2017, 2018, and 2019 to measure
the popularity of these tools. The popularity percentages of
the tools demonstrate that a diverse range of tools is popular
in practice and that they have also gained massive attention
in the research community.

Kamber et al. [11] addressed the integration of OLAP and
ARM as soon as 1997. They have provided the notion
of metarule-guided mining, which entails utilizing user-
defined rule templates to direct the mining process. Later,
Han et al. [14] have proposed DBMiner for interactive min-
ing, which provides a wide range of data mining operations
such as association, generalization, characterization, classifi-
cation, and prediction. We also identify several approaches
for integrating different DSTs, and there is significant
research specifically on the integration of OLAP and ARM
in state-of-the-art. We appraise all of these decision sup-
port frameworks and different ways of integrating DSTs;
however, the concept of semantic correspondences between
DSTs is yet to be elaborated in state-of-the-art. A detailed
discussion on a variety of decision support frameworks and
various approaches for the integration of DSTs is given in
Sect. II. Elaborating the semantic correspondences between
DSTs will be helpful to fill the artificial gaps between DSTs.
Furthermore, it can enable decision-makers to work with
cross-platform decision support tools and check their results
from different viewpoints.
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FIGURE 2. A series of popular decision support tools, together with their polarities according to opinion polls by KDnuggets [13] in 2017, 2018,

and 2019.

TABLE 1. Abbreviations and acronyms.

Abbreviations  Summary

ACIF All combination Influencing Factor

ARM Association Rule Mining

CEVs Conditional Expected Values

CFQs Constrained Frequent Set

CAP Consistency, Availability and Partition Tolerance

CBR Case Based Reasoning

DIRECT Discovering and Reconciling Conflicts

DMDSS Data Mining Decision Support System

DST Decision Support Technique

DSS Decision Support System

FIA Freedom of Information Act

GBP Grid Based Pruning

GUI Graphical User Interface

IADSS Intelligent Agent Assisted DSS

IDSS Integrated Decision Support System

KDD Knowledge Discovery in Databases

MSMiner Multi-strategy Data Mining Platform

NJ New Jersey

OLAP Online Analytical Processing

PVM Parallel Virtual Machine

SAS Statistical Software Suite

SAP System Applications and Products in Data Pro-
cessing

SAP-BW SAP Business Warehouse

SPSS Statistical Package for the Social Sciences

SR Statistical Reasoning

uARMSolver universal Association Rule Mining Solver

UDS1 User Defined Dataset

The research on elaborating semantic correspondences
between the three DSTs is significant due to the following
reasons:

1) DSTs are developed independently for intended user
groups and intended use cases.

2) Specific terminologies and functions of DSTs create
artificial gaps between them and their tools.
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TABLE 2. List of frequent symbols.

Notation Summary

The set of natural numbers
The set of real numbers
Boolean values
Discrete values
Probability

Events

Set of outcomes

Set of Transaction
OLAP Cube Dimension
Relational Algebra
OLAP cube domain

>Ag_NOMUEERZ

3) Interpretation of results from one DST domain to
another is not easily possible.

4) Artificial gaps between DSTs force decision-makers to
use a variety of DSTs and decision support tools.

5) Various approaches for integrating DSTs are discussed
in state of the art; however, correspondences between
DSTs are obfuscated.

We observed that elaborating semantic correspondence
between DSTs is necessary to bridge various artificial gaps
between them. Therefore, in this paper, we elaborate semantic
correspondences between the foundations of SR, OLAP, and
ARM, i.e., between probability theory, relational algebra, and
the itemset apparatus. In particular, we formally establish the
correspondence between (i) the support of an itemset and
the probability of a corresponding event and (ii) the confi-
dence of an association rule and the conditional probability
of two corresponding events. And (iii), the OLAP average
aggregate function turns out to correspond to conditional
expected values, which closes the loop between ARM, OLAP,
and probability theory with respect to the most important
constructs in ARM and OLAP.
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Based on the semantic correspondences between the DSTs,
we propose a novel framework for the unification of DSTs.
The framework provides a way to develop various next-
generation decision support tools. To validate the proposed
framework, we implement a sample tool by combining the
operations of three DSTs. The tool’s outcomes establish
semantic correspondence between SR, OLAP, and ARM and
provide various useful data visualization methods. The tool
is implemented on ASP.NET. In the tool, we use ‘all combi-
nations of in uencing factors’ (ACIF) function to select the
target column and influencing factors to generate all possible
combinations of data items. The programming code and other
instructions on how to use the proposed tool are available in
the GitHub repository [15]. We have named the tool grand
report [12], [16]; a grand report provides a complete print-
out of generalized association rules, which can also be seen
as the entire unfolding of a pivot table [17]. An instance
of the tool is hosted and available on the web.! The tool
is straightforward to use, and it provides unified usages of
DSTs.

The key contributions of the paper are as follows:

1) Elaboration of semantic correspondences between the
three DSTs, i.e., SR, OLAP, ARM, and their founda-
tions, i.e., probability theory, relational algebra, and the
itemset apparatus, respectively.

2) We characterize to what extent and how far SR, OLAP,
and ARM can be considered synonymous.

3) A novel framework for the unification of DSTs is
presented to develop next-generation decision support
tools.

4) A sample tool is presented to implement the unification
of DSTs. The tool provides unified usages of DSTs.

5) The tool is tested on various datasets and compared to a
state-of-the-art decision support tool. The comparison
and the tool’s outcome demonstrate the tool’s superior
performance.

The paper is organized as follows: In Sect. II, we review
current work related to the unification of SR, OLAP, and
ARM. Then, in Sect. III, we discuss the main concepts of
mainstream SR, OLAP, and ARM. In Sect. IV, we elaborate
semantic correspondences between the foundations of SR,
OLAP, and ARM, i.e., probability theory, relational algebra,
and the itemset apparatus. Subsequently, in Sect. V, we pro-
vide the framework for the unification of SR, OLAP, and
ARM. A description of its implementation and experiments
to showcase the relevance of the proposed framework are
given. Finally, a discussion on future work and a conclusion
are provided in Sect. VI and Sect. VII, respectively.

Il. EXISTING WORK

In this section, previous work related to semantic correspon-
dences between DSTs and various approaches for the integra-
tion of DSTs is explored.

1 http://grandreport.me
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The classical DSSs [2] were developed to assist managerial
decisions by presenting several combinations of information.
With the emergence of OLAP [5], knowledge discovery in
databases (KDD) [36] and ARM [6], [37], many authors have
proposed a variety of advanced DSSs. In the 1990s, web-
based DSSs have been very popular [38]. Later, organizations
have started taking advantage of different DSTs in DSSs [19].
We examine eighteen different research articles that discuss
the integration of DSSs with different DSTs. A summary
of these articles is given in Table 3. Wang [18] presented a
novel architecture to integrate KDD techniques into existing
DSSs. The authors have discussed the integration of different
KDD techniques in group DSSs via three different types of
decision support agents. In 2002, Fan et al. [19] provided a
simple classification scheme for data value conflicts and pre-
sented an approach for discovering data conversion rules from
data automatically. Bolloju et al. [20] provided a method for
combining decision support and knowledge management to
present an integrative framework for developing enterprise
decision support environments. They used model mart and
model warehouse as repositories.

In 2007, Rupnik et al. [24] discussed a method for com-
bining DSS and data mining methods. The authors devel-
oped a data mining decision support system (DMDSS) that
incorporates classification, clustering, and association rules.
To investigate the use of data mining technology in DSS,
Charest et al. [28] presented a theoretical, conceptual, and
technological framework for the development of an intelli-
gent data mining assistant by employing case-based reason-
ing and formal DL-ontology paradigms. Zhuang et al. [29]
proposed a novel methodology to integrate data mining and
case-based reasoning to develop a pathology test ordering
system. In this paper, data mining concepts were used to
extract the knowledge from past data, and then it was used
in decision support.

In 2010, Liu et al. [30] conducted a survey to determine the
efforts being made to develop an integrated decision support
system (IDSS). IDSS combines four DSTs: knowledge-based
systems, data mining, intelligent agents, and web technology.
IDSS assists users in interpreting decision alternatives, and it
also discovers hidden interesting patterns in large amounts of
data using data mining tools. Gandhi et al. [39] demonstrated
a DSS architecture (DSSA) that combines various data min-
ing techniques. In this architecture, data mining tools were
used to identify a set of features and patterns that domain
experts can use to make decisions.

The majority of these works are inclined towards develop-
ing new DSSs and integrating DSSs with DSTs. However, the
concept of semantic correspondences between DSTs is not
discussed in any of these works. Therefore, we also explore
the state of the art for the integration of OLAP and ARM.
Some of these works focus on intra-dimensional associa-
tion rules, while others are concerned with inter-dimensional
association rules. Almost all intra-dimensional approaches
use repeated predicates from a single data dimension.
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TABLE 3. Existing approaches for the integration of different decision support techniques in DSSs.

Study Year Approach Summary

Wang et al. [18] 1997 Intelligent agent-assisted DSS (IADSS) A novel architecture is presented to integrate different KDD techniques
in classical DSSs.

Fan et al. [19] 2002 A method for mining data value conver-  In the process of integrating business data from multiple sources, a

sion rules from various data sources system called Discovering and Reconciling Conflicts (DIRECT) was
presented .

Bolloju et al. [20] 2002 For the next generation DSSs, authors  The authors proposed a method for combining decision support and
presented Integrating knowledge man-  knowledge management for developing enterprise decision support
agement into enterprise environments. environments.

Heinrichs et al. [21] 2003 Integrating web-based data mining tools  Authors have highlighted how the knowledge workers in organizations
with DSS for knowledge management can integrate data mining tools into their information and knowledge

management requirements.

Cho et al. [22] 2003 Data mining for selection of insurance  For insurance managers, an intelligent DSS, Intelligent Agent Selection
sales agents Assistant for Insurance, was presented.

Jukic et al. [23] 2006 Exploration of a large data warehouse = Mine fact tables and captures the correlations in data within data
using qualified association-rule mining warehouses.

Rupnik et al. [24] 2007 DMDSS: a data mining-based DSS that ~ To support decision support procedures, a data mining-based DSS was
combines data mining and decision sup-  provided.
port.

March et al. [25] 2007 Integrated DSS: A data warehousing  The authors have examined how data warehouses may be used for
perspective integration, implementation, intelligence, and innovation.

Shi et al. [26] 2007 MSMiner The authors have presented an OLAP platform based on a data ware-

house and integrated it with different data mining algorithms.

Domenica et al. [27] 2007 Stochastic programming and scenario  This study discussed how sophisticated models and software realiza-
generation within a simulation frame-  tions might be integrated with information systems and DSS tools.
work: An information systems perspec-
tive

Charest et al. [28] 2008 Intelligent data mining assistant using  To study effectively deploying DM technology, the authors showed a
case-based reasoning framework for an intelligent data mining assistant by using case-based

reasoning and formal DL ontology paradigms.

Zhuang et al. [29] 2009 Data mining and case-based reasoning  The authors used data mining and CBR approaches to provide informa-
for intelligent decision support tion from previous data.

Liu et al. [30] 2010 IDSS By utilizing data mining methods, IDSS assists users in interpreting de-
cision alternatives and discovering hidden patterns in massive amounts
of data.

Peng et al. [31], 2011 Incident  information = management The authors presented a three level framework with three modules:

framework data mining module, multi-criteria-decision-making module and data
integration module.

Ltifi et al. [32]. 2013 KDD-based human-centered design  Based on KDD and other human-centered design principles, a human-
strategy for designing DSS centered design strategy for designing dynamic DSS was proposed

Dong et al. [33] 2014 A framework of Web-based decision The authors concentrated on developing a framework for a Web-based
support systems for portfolio selection  DSS.
with OLAP and PVM

Fister et al. [34] 2020 uARMSolver a framework The paper introduces uARMSolver, a new software framework for
ARM.

Aidan et al. [35] 2021 Knowledge Graph Authors demonstrate how knowledge can be represented and extracted

using a combination of deductive and inductive procedures.

A summary of different OLAP and ARM integration
approaches is given in Table 4.

In 1998, Ng et al. [41], and Zhu [10] have proposed
different ways to integrate ARM and OLAP together; how-
ever, their research was centered towards multi-dimensional
ARM, automatic OLAP, and other specific sets of prob-
lems. The mainstream ARM was developed to find fre-
quent items, while OLAP represented a multi-dimensional
view of data using different OLAP operations. Therefore,
the popularity of ARM for transactional datasets and the
progress of OLAP [44] in a multi-dimensional environment
attracted many authors to propose possible ways to inte-
grate the ARM and OLAP. In 1997, Kamber et al. [11] first
addressed the relationship between ARM and OLAP and
proposed a meta-rule-guided mining approach for mining
association rules from a multi-dimensional data cube. In this
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paper, Kamber et al. [11] have presented four algorithms that
explore an OLAP data cube for meta-rule-guided mining
of multi-dimensional association rules. Imielinski et al. [40]
have presented cubegrades, a generalization of association
rules which display how a set of measures (aggregates) is
affected by specializing (rolldown), generalizing (roll-up)
and mutating (which is a change in the cube’s dimensions).
In this paper, cubegrades are shown as more expressive than
association rules in capturing associations and trends.

To support the adhoc mining in association rules,
Lakshmanan et al. [42] proposed an idea of constrained fre-
quent set queries (CFQs) and extended the architecture
proposed by Ngetal. [41]. In addition, they introduced a
new notion of quasi-succinctness and developed a heuristic
technique for non-quasi-succinct constraints. Ng et al. [41]
proposed architecture for exploratory mining of association

VOLUME 10, 2022
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TABLE 4. Integration of OLAP and ARM in data mining.

Integration of ARM with OLAP  Approach

Summary

Kamber et al. [11] Metarule-guided mining approach

Han et al. [14]
techniques

Imielinski et al. [40] Cubegrades

Raymond et al. [41]

Lakshmanan et al. [42]

for non-quasi-succinct constraints.
Zhu et al. [10]
methods

Nguyen et al. [43]
posed with a new algorithm

DBMiner: a software for various data mining

Multidimensional Architecture, CAP algo-

rithm, antimonocity, and succinctness

Constrained Frequent Set (CFQs), the notion
of quasi-succinctness, a heuristic technique

Multi-dimensional and Multi-level ARM

Exclusive Confidence and Support was pro-

Authors started by looking at the relationship between ARM and
OLAP and then proposed a meta-rule-guided mining approach for
extracting association rules from a multi-dimensional data cube.
DBMiner provides a way to combine data mining techniques with
database technologies to uncover knowledge at different levels.

To mine multi-dimensional association rules, a new concept of
cubegrades with a novel grid-based pruning (GBP) technique was
proposed as a generalized ARM technique. cubegrades was also
shown as more expressive than associations rules in capturing
associations and trends.

An architecture was proposed for multi-dimensional data mining,
and CAP algorithm was used for the maximum degree of pruning.
Two new rule pruning properties, antimonocity, and succinctness,
were proposed to push the constraints deep inside the mining
process.

An idea of constrained frequent set queries (CFQs) was proposed
In addition, they introduced a new notion of quasi-succinctness and
developed a heuristic technique for non-quasi-succinct constraints.
Proposed online analytical mining of association rules using the
concept of multi-dimensional and multi-level ARM. Here, asso-
ciations are divided into intra-dimensional, inter-dimensional, and
constrained-based associations.

The authors proposed an architecture that allows constraint-based
and human-centered exploratory mining of association rules. Two
new measures, exclusive confidence and natural confidence, were
discussed.

rules that is constraint-based and human-centered. To push
the constraints deep inside the mining process, this paper
presents a new algorithm (CAP) and two new rule prun-
ing properties; antimonocity and succinctness. To generalize
ARM within arbitrary n-ary relations and boolean tensors,
Nguyen et al. [43] proposed exclusive confidence and natural
confidence measures. They have also designed a complete,
scalable algorithm that computes the exclusive measures.
Kamber et al. [11] extended the constrained gradient analy-
sis “cubegrades” presented by Imielinski et al. [40]. In this
paper, the authors have addressed various issues and methods
on efficient mining of multi-dimensional, constrained gradi-
ents in multi-dimensional data cubes. They have also defined
the constraints as significant constraints, probe constraints,
and gradient constraints.

Zhu [10] proposed online analytical mining of association
rules and presented a step-by-step method and algorithm for
inter-dimensional ARM, intra-dimensional ARM, and hybrid
ARM. Based on OLAP technologies, they also designed a
method to perform multi-level ARM. Chen et al. [45] devel-
oped an OLAP and data warehousing-based platform for
weblog records (WLRs), which supports multi-level and
multi-dimensional ARM. Finally, Cerf et al. [46] have pre-
sented an n-array algorithm for n-array relations, which was
used to extract constrained-based closed n-sets.

In the state of the art, integration of DSTs and DSSs frame-
works are broadly discussed. However, the correspondences
between the foundation of DSTs are obfuscated. Therefore,
we aim to elaborate semantic correspondences between the
foundations of the three popular DSTs and bridge the artifi-
cial gaps between them.
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IIl. PRELIMINARIES

This section provides background information about the three
popular DSTs, i.e., SR, OLAP, ARM and their foundation,
i.e., probability theory, relational algebra, and itemset min-
ing. In Sect. III-A, we discuss the concepts of SR. Then,
in Sect. III-B, the concepts of classical ARM are discussed,
and in Sect. III-C, we discuss the basic concepts of OLAP.

A. STATISTICAL REASONING (SR)

With the development of probability theory [1] by thinkers
like Gerolamo Cardano, Blaise Pascal, and Pierre de Fermat,
statistics has evolved as an essential framework for develop-
ing DSS [47] and DSTs; therefore, most of the DSTs have
been developed with the core concepts of SR. Since 1970,
extensive use of computer systems has made it possible to
do large statistical computations that have not been possible
manually. In the 191 and 20t centuries, statistics had its
victory by evolving into the primary scientific tool — think
about classical thermodynamics and its elaboration through
statistical mechanics and quantum physics. In the natural
sciences, statistics have become the necessary foundation
in economics, and many Nobel prizes correspond with the
probabilistic variants of game theory. So, it could be said that
statistics is the language of science. However, even more,
statistics was a crucial driver in the industrial revolution,
by helping to optimize production, think about Student’s
t-distribution.

Moreover, statistics is at the core of optimizing production;
think of Six Sigma alone. All this is true, but since 1970,
we have seen the next wave of SR. Statistics has left the sci-
entific laboratories and entered the everyday decision-making
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TABLE 5. Types of input data used in various decision support techniques.

Decision Support techniques

Types of Input data

Statistical Reasoning: Classification
Statistical Reasoning: Multivariate Data Analysis (Regression)

Online Analytical Processing (OLAP)

Association Rule Mining (Bitmap)

Association Rule Mining in Tools

X1
X1

X1

T X oo X X i T

TR ...xXm:R

D1 X ... X XD XY1:RX ... xY,,/:R

X1

X1,

discrete numerical

Bx...xXm,m:B

Bx... X Xp BXo o X X :BXx ... X Xp, B

X1:Dq Xm:Dm

processes in our organizations. Here, SR is the tool of highly
specialized experts in highly specialized tasks but becomes
available to a broader range of decision-makers. This move-
ment is precisely about what has been expressed by “The
Future of Data Analysis” by Tukey [48]. It means that sys-
tematic decision-making becomes more and more pervasive.
In our opinion, this also explains the emergence of ARM
and OLAP, which are two immensely successful approaches
that complement, extend (but also overlap) the established SR
toolkit. Moreover, the journey has just begun, as the current
interest in data science proves —in 2015, Donoho [49] showed
the evolution of data science from statistics. In Table 5,
we provide different combinations of data used in SR, OLAP,
and ARM. R is used to represent numerical type data, D is
used to represent discrete type data and B is used to represent
bitmap data.

B. ASSOCIATION RULE MINING (ARM)

To understand the relationship between different data items
in transactional datasets and to find out interesting patterns
and correlations, Agrawal et al. [6] presented the central con-
cept of ARM using binary representations of data items
as shown in Table 5. However, ARM is also presented for
numerical data items as quantitative ARM [50], numerical
ARM [51], [52].

ARM is highly effective in discovering relations and
interesting associations among data items using different
measures of interestingness [6], [53] and it is a prevalent
technique that plays a crucial role in market basket data
analysis, bioinformatics, ocean, land, and medical diagnosis.

In the original settings, association rules are extracted from
transactional datasets composed of a set | = {iy, ..., Iy} of
N binary attributes called items and a set D = {ty, ..., ty},
tx C I, of transactions called database. An association rule
is a pair of itemsets (X, Y), often denoted by an implication
of the form X = Y, where X is called the antecedent
(or premise) and Y is called the consequent (or conclusion),
Xny @. To select interesting association rules, the
following are the most popular measures of interestingness
in ARM.
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De nition 1: The Support of an itemset X with respect to
a set of transactions T, denoted by Supp(X), is the ratio of
transactions that contain all items of X (number of transac-
tions that satisfy X) [54]:

HteT |Xcty

Supp(X) = T

De nition 2: The con dence of an association rule
X =Y concerning a set of transaction T, denoted by
Conf(X = Y) is the percentage of transactions that con-
tains X which also includes Y. Technically, the confidence
of an AR is an estimation of the conditional probability
of Y over X:

Supp(X UY)
Supp(X)

De nition 3; The lift of an association rule X = Y,
denoted by Lift(X = Y), is used to measure misleading
rules that satisfy minimum support and minimum confidence
threshold. The Lift measure is also used to calculate the devi-
ation between an antecedent X and a consequent Y, which is
the ratio of the joint probability of X and Y divided by the
product of their marginal probabilities.

Conf(X = Y) =

Supp(X UY)
Supp(X) x Supp(Y)

In ARM, when the number of association rules is too large
to be presented to a data mining expert or even treated by
a computer, measures of interestingness can filter the inter-
esting association rules. After support, confidence, and lift,
more than fifty different measures of interestingness are in the
literature [53], [55], [56]. These measures of interestingness
are discussed in detail in the literature [57], [58]. Initially,
ARM was limited to large transactional datasets. Still, later,
Han et al., Lu et al., Imielinski et al., and Nguyen et al.
[40], [43], [59], [60] presented different views on multi-level
and multi-dimensional ARM. Over the years, different ARM
frameworks [34] and the use of ARM in varied application
scenarios [61], [62] have also been discussed in the state of
the art [63].

Lift(X = Y) =
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1) MULTIDIMENSIONAL VIEW OF ARM

More recently, ARM has been adapted to the multidimen-
sional case [43] and multitask-based ARM [64]. In multi-
dimensional setting of ARM, datasets are composed of a
set D = {Sy,..., Sy} of dimensions, and an n-ary relation
between them, i.e. they are formally tuples (Sy, ..., Sy, R)
with R € Sy x --- x Sp. In “Multitask-based” ARM,
highly frequent association rules for different ARM tasks are
referred as ‘‘single-task” rules which are Later combined
together to generate the global results, i.e, “‘multitask rules™.

Multidimensional association rules are rules between two
so-called associations that generalize the notion of itemset.
They are defined as the Cartesian products of subsets of
dimensions. The set of dimensions used in an association
X is called its domain and is noted dom(X). For example,
X = {Milk, Bread} x {Winter} is an association on the
domain dom(X) = {products, seasons}. We use 7s;(X) to
denote the projection of the association X on the dimension
Si, €. Tproducts(X) = {Milk, Bread} and mseasons(X) =
{Winter}.

In the multi-dimensional case, the generalization of the
notion of support is the relative support. The support of an
association X relative to a set D © dom(X) of dimensions is
defined as

Suppo(X) = |(t € [[S¢ | 3ue[]Sisuch that
SqeD\{D} SjeD\dom(X)

VX € X, x.ut e R}’ (1

Using the relative support, two variants of confidence, the
exclusive con dence and natural con dence are defined for
multidimensional association rules:

Suppdomxuy)(X UY)
SuppPdom(xuy)(X)
Suppdomxuy)y(X UY) x P
Suppdom(x)(X)

with P = | T Ts;cdomexuy y\domox) 77si (YD1
In Table 6, the multidimensional association rule

. . 1
{Milk} = {Bread} x {Spring} has a natural support of ;
because

Confpaural(X = Y) =

ConfexclusiveX = Y) =

Supp{products,seasons) ({Milk, Bread} x {Spring}) = |{c2}| =1
Supp products,seasons) ({Milk}) = [{c1, C2, €3, ¢4} = 4. (2)

This rule can also be expressed in first-order logic, i.e.

{Milk} = {Bread} x {Spring} = VX, Y, —purchase
(X, Milk, Y) v (purchase(X, Bread, Spring)
Apurchase(X, Milk, Spring)). 3)

C. ONLINE ANALYTICAL PROCESSING (OLAP)

Historically, OLAP is not a new idea; it has persisted
over the decades. Initially, in 1962, Kenneth Iverson pro-
posed the foundation of OLAP in his book “A Program-
ming Language” [65]. In 1975, Information Resources Inc.
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FIGURE 3. A sample OLAP data cube with three dimensions (D1: location,
D2: product and D3: time).

launched the first OLAP product named ‘“Express”’, which
was acquired by Oracle Inc. in 1995. In 1993, Edgar F. Codd
used the term OLAP and set up 12 policies for an OLAP
product in his paper “Providing OLAP (Online Analytical
Processing) to user-analysts: An IT mandate” [5]. In OLAP,
it is essential to have a multi-dimensional cube. There-
fore, we show a sample OLAP cube with three dimensions
(D1, Dy, D3) in Fig. 3. Practically, an OLAP cube consists
four types of functions; First, OLAP operations, i.e., RollUp,
Drill Down, Slice, Dice, and Pivot. Second is aggregation
operations, i.e., SUM, AVG, COUNT, MIN, MAX, calcu-
late trends, ranking, percentiles, attribute-based grouping,
compare aggregates, etc. The third is the OLAP operator,
i.e., “Force” and ‘“‘Extract,” which convert a dimension into
a measure and a measure into a dimension. Fourth is the
capability to handle uncertain data within the OLAP model.

IV. SEMANTIC CORRESPONDENCE BETWEEN
SR, OLAP AND ARM
In this section, we establish semantic correspondence
between SR, OLAP, and ARM. We use probability theory
with conditional expected values (CEVs) as the center of
our mappings. First, we provide semantic correspondence
between SR, i.e., probability theory and ARM, and then we
provide semantic correspondence between SR and OLAP.

De nition 4 (o-Algebra): Given a set 2, a o-Algebra X
over Q is a set of subsets of 2, i.e., ¥ C P(), such that the
following conditions hold true:

HNQReX

2)IfAc ¥ then Q\A e X

3) For all countable subsets of X, i.e., Ag, Aj,Ay... € X
it holds true that LRJ] Aie X

le
De nition 5 (Prok(;ability Space): A probability space
(2, X, P) consists of a set of outcomes 2, o algebra of
(random) events X over the set of outcomes 2 and a prob-
ability function P: ¥ — R, also called probability measure,
such that the following axioms hold true:
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TABLE 6. A multidimensional binary dataset in which customers (c; to c4) buy products (Milk, Bread, Diapers, Beer) during seasons (Winter, Spring,

Summer).
Milk Bread Diapers Beer Milk Bread Diapers Beer Milk  Bread Diapers Beer
c1 1 1 0 0 1 0 1 0 0 0 1 0
c2 0 0 1 1 1 1 0 0 1 0 1 0
c3 1 1 1 1 0 1 1 1 1 1 0 0
c4 1 1 0 1 1 0 0 1 0 0 1 1
Winter Spring Summer

HDVAe 2. 0<PA) <1(de,P:X—10,1]

2)P(Q) =1

3) (Countable Additivity): For all countable sets of pair-
wise disjoint events, i.e., Ag, A;, Ay ... € ¥ with AiNAj =0
for all i # j, it holds true that

() =3Py

De nition 6 (Conditional Probability): Given two events
{X,Y} € X of probability space (22, 2, P). If P(X) # 0 then
we define conditional probability of Y given X as:

PXXNY)

P(X)

De nition 7 (Expected Value): Given a real-valued dis-
crete random variable X: 2 — | with indicator set | =
{ig, i1, 102, ...,in} € R based on (2, X, P), the expected
value E(X), or expectation of X (where E can also be denoted
as Ep in so-called explicit notation) is defined as follows:

P(Y |X) =

o0
EX) =) in- PX =)
n=0
De nition 8 (Conditional Expected Value): Given a real-
valued discrete random variable Y:  — | with indicator
set | = {ig, i1,102,...} € R based on a probability space
(2, 2, P) and an event X € X, the expected value E(Y) of
Y conditional on X (where E can also be denoted as Ep in
so-called explicit notation) is defined as follows:

E(YIX) =) in-P(Y =in| X) “)
n=0

A. ANCHORING ASSOCIATION RULE MINING IN
PROBABILITY THEORY

We follow the concepts and notation and their formaliza-
tion as originally introduced by Agrawal et al. in their
1993 paper [6] as closely as possible. First, there is a whole
itemset 3 = {I, Iy, ..., In} consisting of a total number n
of items I, I2, ..., In. A subset X C J of the whole itemset
is called an itemset. Next, we introduce the notion of a set of
transactions T (that tsthe itemset J) as a relation as follows:

TCTIDx{0,1} x --- x {0,1} Q)

n—times
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Here, TID is a finite set of transaction identifiers. For the
sake of convenience, we assume that it has the form TID =
{1,...,N}. Actually, we need to impose a uniqueness con-
straint on TID, i.e., we require that T is right-unique, i.e.,
a function given as,

TeTID— {0,1} x--- x {0, 1} (6)
n—times

Given (6), we have that N in TID = {1,..., N} equals
the size of T, i.e., N = |T|. Henceforth, we refer to T inter-
changeably both as a relation and as a function, according
to (5) resp. (6). For example, we use t = (i, iy,...Ip) to
denote an arbitrary transaction t € T; similarly, we use T (i)
to denote the i-th transaction of T more explicitly etc. Given
this formalization of the transaction set T, it is correct to say
that T is a binary relation between TID and the whole itemset.
In that, Iy, 15, ..., Iy need to be thought of as column labels,
i.e., there is exactly one bitmap column for each of the n
items in J, compare with (5) and (6). Similarly, Agrawal et al.
have called the single transaction a bit vector and introduced
the notation t[k] for selecting the value of the transaction
t in the k-th column of the bitmap table (in counting the
columns of the bitmap table, the TID column is omitted, as it
merely serves the purpose of providing transaction identi-
ties), i.e., given a transaction (tid, iy, ...iy) € T, we define
(tid, iy, ...in)[k] = ik. Less explicit, with the help of the
usual tuple projection notation 7j, we can define t[k] =
mk+1(t). Letus call a pair (J, T) of a whole itemset J and a set
of transaction T that fits J as described above an ARM frame.
Henceforth, we assume an ARM frame (J, T) as given.

We have said that a transaction is a bit vector. For the sake
of convenience, let us introduce some notation that allows us
to treat a transaction as an itemset. Given a transactiont € T
we denote the set of all items that occur in t as {t} and we
define it as follows:

{t} ={lk € TItlk] =1} N

The {t} notation provided by (7) will prove helpful later,
as it allows us to express properties about transactions without
the need to use bit-vector notation, i.e., without the need to
maintain item numbers k of items l.

Given an lj € J and a transactiont € T, Agrawal et al.
says [6] that |j is bought by t if and only if t[j] = 1. Similarly,
we can say that t contains I in such case. Next, given an
itemset X C J and a transactiont € T, Agrawal et al. says
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thatt satis es X if and only if t[j] = 1 foralllj € X. Similarly,
we can say that t contains all of the items of X in such case.
Next, we can see that t satisfies X if and only if X C {t}.
Henceforth, we use X C {t} to denote that t satisfies X.

Given an itemset X C J, the relative number of all transac-
tions that satisfy X is called the support of X and is denoted
as Supp(X), i.e., we define:

suppox) = LET X S (O )
IT|

Again, it makes perfect sense to talk about the support of
an itemset X as the relative number of all transactions that
each contain all of the items of X.

An ordered pair of itemsets X € Jand Y C T is called an
association rule, and is denoted by X = Y. Now, the relative
number of all transactions that satisfy Y among all of those
transactions that satisfy X is called the con denceof X =Y,
and is denoted as Conf(X = Y), i.e., we define:

Conf(X = Y) = {teT | YC{t} A XC{t}}] ©)
ifteT | X C{t}}

Usually, the confidence of an association rule is introduced

via support of itemsets as follows:

Conf(X = Y) = S“S%);(;)Y) (10)

It can easily be checked that (9) and (10) are equivalent.

B. SEMANTIC CORRESPONDENCE BETWEEN

ARM AND SR)

Next, we map the concepts defined in ARM to probability
theory. Given an ARM frame F = (J, T) next we map the
concepts defined in ARM to probability space (2F, Zg, PF).
First, we define the set of outcomes Q2 to be the set of
transactions T. Next, we define X to be the power set of Q.
Finally, given an event X € X, we define the probability of
X as the relative size of X, as follows:

QF = (1)

Sk = P(T) (12)

PrOC) = o) (13)
|

In the sequel, we drop the indices from Qp, Xg, and
PE, i.e., we simply use €2, X, and P to denote them, but
always keep in mind that we actually provide correspon-
dence from ARM frames F to corresponding probability
spaces (g, Zg, Pr). The idea is simple. Each transaction
is modeled as an outcome and, as usual, also a basic event.
Furthermore, each set of transactions is an event.

We step forward with item and itemsets. For each item
| € 7 we introduce the event that item | is contained in a
transaction, and we denote that event as [[1]]. Next, for each
itemset X C 7, we introduce the event that all of the items
in X are contained in a transaction and we denote that event
as [X]. We define:

[ ={tileft}} (14)
(XI1= NIl (15)
leX
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As usual, we identify an event [| ] with the characteristic
random variable [I] :  — {0, 1} and use P([[I]) and
P([1]=1) as interchangeable.

1) FORMAL CORRESPONDENCE OF ARM SUPPORT AND
CONFIDENCE TO PROBABILITY THEORY
Based on the correspondence provided by (11) through (15),
we can see how ARM Support and Con dence translate into
probability theory.

Lemma 1 (Mapping ARM Support to Probability Theory):
Given an itemset X C J, we have that:

Supp(X) = P(IXT) (16)
Proof: According to (15), we have that P([X]]) equals
P(IQX[U D (17)

Due to (14), we have that (17) equals
P(IQX{t eT|left) }) (18)

We have that (18) equals
P{teT | A left}) (19)
leX

We have that (19) equals
P{teT | X C{t}h (20)

According to (13), we have that (20) equals
ifteT | X C{t}}|
IT]
According to (8), we have that (21) equals Supp(X)

Lemma 2 (Mapping ARM Confidence to Probability The-
ory): Given an itemset X C J, we have that:

ConfX =Y) =P(IYT|IX])

Proof: Omitted.

In Table 7, we provide one to one mapping in between the
operations of ARM and SR, i.e., probability theory. A set of
items in ARM J = {ly, 2, ..., Iy} are equivalent to the set
ofevents J = {l; C Q,..., Iy € Q} in probability theory.
Transactions T in ARM are equivalent to the set of outcomes
Q in probability space (2, X, P). Support of an itemset X in
ARM is equivalent to the relative probability of the itemset X.
Confidence of an association rule X =Y is equivalent to the
conditional probability of Y in the presence of X.

2n

C. ANCHORING OLAP IN PROBABILITY THEORY

Decision-makers are using OLAP to explore data in a multi-
dimensional view. It helps to compute different aggregate
summaries using various OLAP operations (COUNT, SUM,
Drill-Down, Roll-up, Slice, Dice, etc.). For example, Fig. 4
demonstrates age and salary records in a two-dimensional
space. In OLAP, data exploration starts from a high gran-
ularity level to a lower granularity level or vice versa. The
sample data cube is given in Fig. 3 consists of time, location
and product dimensions. An OLAP dimension comprises
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TABLE 7. Semantic correspondences between association rule mining and statistical reasoning (probability theory).

Association Rule Mining Terminology

Statistical Reasoning (Probability Theory)

Setof Items J = {I1,I2,...,Im}

Transactions T C Ig x {0,1} x ... x {0, 1}
N— ———
m—times
t € T satisfies itemset X C J:tlk] =1=> I € X

Support of itemset X C J: Supp(X) = %

Confidence of association rule X = Y": Conf(X) =

Supp(X)
X CT,Y CT,usually: XNY =0,]Y|=1
Supp(X UY)

Lift of X = Y wrt the outermost margin: c————o~—a—~2r+
& Supp(X) x Supp(Y)

_ Supp(X UY)

Setof Events T ={I1 C Q,..., I, CQ}
Q

tenX

P(,0 I1D)

Conditional Probability P([Y] | [X] )

organized attributes in a hierarchical structure to show the
different data granularity levels. For example, the time dimen-
sion in Fig. 3 may have the following hierarchy: Month —
Quarter — Year. Here, the dimension attribute Year shows
a high level of granularity, and Month shows a lower level of
granularity. Based on the sample OLAP cube given in Fig. 3,
first, we provide standard notions and definitions and then
provide semantic correspondence between OLAP and SR,
i.e., probability theory.

1) OLAP CUBE: BASIC NOTATIONS AND DEFINITIONS

Let an OLAP cube C be a multi-dimensional data cube with
four-tuple C = {A, D, H, M} where A represents the OLAP
cube domain, D is a non-empty set of n dimensions, H is
a set of dimension hierarchy and M is a non-empty set of
quantitative measures, i.e., numerical or additive values of a
cell. We have considered the following properties concerning
the OLAP cube.

e In an OLAP cube C, dimension set D = {D;,D;...
Dj...Dp}, dimension Dj consists of a set of different
hierarchy levels Hj, where i < n.

o Ahierarchy level HJ! € Hjis anon-empty set of members
Ajij. HiG = 0) is the j"™ hierarchical level in D;. E.g.,
in Fig. 3, the set of hierarchical level of dimension D is
Hy = {H},H{,H}} = {Location, Continent, Country},
and in the dimension D1, the set of members at level Hé
is A = {India, USA, Estonia, Finland}

De nition 9: Sub Cube: A sub cube C’ is part of the main
OLAP cube with a non-empty set D’ of m dimensions. D’ =
{D;,D;...Dj...Dyp} and m < n. According to D’, a tuple
{®1...0p}isasubcube C"if D' € D and ®; C Ajj for all
ie{l...m}and ®; # null.

E.g., If in Fig. 3, a dimension set D’ = {D1,D2} € D is
a sub cube then (01, ®,) = {Europe, X1, X2} will be a sub
cube.

De nition 10: Aggregate Measure: A Measure M in a data

cube C is the SUM of measure M of all facts in the cube.
E.g., “Total Sales” in Fig. 3 can be evaluated by its

sum-based aggregate measure. The aggregate expression
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FIGURE 4. A sample representation of age and salary records in two
dimensional space.

TotalSales(India, {Xi, X2, y1}) represents the SUM of total
sales turnover for the products (X1, X2, Y1) in India.

De nition 11: Intra Dimension Predicate: A dimension
predicate Aj in a dimension Dj is its member as a value

represented as @j € Aij.
E.g., In Fig. 3, a dimension predicate a; in dimension Dy is

a; € {Asia, America, Europe}.

De nition 12: Inter Dimension Predicate: Let data cube
C have a sub cube C’ with a non empty set of dimensions
D' = {Dy,D;...Dj...Dy} and D’ € D. When the value
of dimension predicates {A; ...Amn} belongs to two or more
dimensions where (2 < m < n), then it is referred to as inter

dimension predicates.
E.g., In Fig. 3, dimension predicate {a;, a;} € {Dj, D2}
then a; € {Asia, America, Europe} and a; € {X, Y, Z}.

2) SEMANTIC CORRESPONDENCE BETWEEN OLAP AND SR

As discussed in Sect. III-C, an OLAP cube consists of various
operations (Roll-Up, Drill-Down, Slice, Dice, Pivot, SUM,
AVG, MIN, etc.). We have that the OLAP conditional opera-
tions (Slice, Dice, Drill- Down, Roll-up) on bitmap (Binary)
columns correspond to conditional probabilities. Those con-
ditional operations on numerical columns correspond to con-
ditional expected values in probability theory. For example,
we model a sample OLAP Table 8 in probability theory.
We consider that Table 8 is equivalent to the set of outcomes.
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TABLE 8. A sample OLAP table.

City Profession Education Age Group Freelancer Salary

New York Lawyer Master 25-30 0 3,800

Seattle IT Bachelor 18-25 1 4,200

Boston Lawyer PhD 40-50 1 12,700
0

L.A. Chef High School

30-40 3,700

2 in probability space (€2, X, P), a row I is an element of
Q,i.e. r € © and each column C is equivalent to a random
variable R. We consider numerical columns as nite real-
valued random variables (For Example: Salary € @ C R)
and bitmap columns are considered as events (For Example:
Freelancer C €2). The following is a probabilistic interpreta-
tion of the OLAP Table 8.

o City: Q@ — {Boston, L.A., New York....... }
o Profession: 2 — {Chef, Construction.....}
o Education Level: 2 — {High School.....}
o Age Group: 2 — {18 20, 25 30...>65}
o Freelancer: @ — {0, 1}

o Salary: Q —> ISalary c R(||Salary| e N)

3) SEMANTIC CORRESPONDENCE BETWEEN

OLAP AVERAGES AND SR

In many cases and as per Codd et al. [5], decision-makers
use SQL queries to interact with OLAP. Therefore, we start
with simple OLAP queries mapped with probability the-
ory. We have a simple OLAP average query; (SELECT
AVG(Salary) FROM Table 8). If the number of rows of
Table 8 is represented by |2| and the number of rows that
contain a value i in column C are equivalent to #c (i) then
AVG(Salary) FROM Table 8 will compute the average of all
the salaries, i.e., a fraction of the sum of the column (Salary)
and the total number of rows in the table.

In probability theory, the average of a random variable X is
the Expected Value of X = E[X]. We compare the expected
value of X, i.e., E(X) with the output of the AVG query in
OLAP. We have OLAP Query:

(SELECT AVG(Salary) FROM Table 8) (22)
Expected Value: E(Salary) = Zi - P(Salary = i) (23)
iEISalary
> Salary(r)

_ ZI ) #Salary(i) _ reQ2 (24)
12| 12|

ie ISalary

As per (23) and (24), the average of a random variable X
in probability theory and simple averages of an OLAP query
provide the same outcome. Hence, we say that an average
query in OLAP corresponds to expected values in probability
theory.
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4) SEMANTIC CORRESPONDENCE BETWEEN OLAP
CONDITIONAL AVERAGES AND SR

The conditional average queries in OLAP calculate averages
of a column with a WHERE clause. For example, we have
an average SQL query with some conditions where the target
column is numerical and conditional variables have arbitrary
values. We have OLAP Query:

SELECT AVG (Salary) FROM Table 8

WHERE City = Seattle AND Profession = IT; (25)

In probability theory, we compute the conditional average
of a random number using its conditional expectation. For
example, as per Def. 8, the conditional expectation of a
random number Y with condition X is given as:

E(YX) = ) Jin - P(Y =inl X)
n=0

f(i) = E(Y =in|X) (26)

Here, the value E(Y = i|X) is dependent on the value of i.
Therefore, we say that E(Y = iy|X) is a function of i, which
is given in (26). We compare the conditional expected value
of E(Y = iy|X) with the output of the conditional AVG query
in OLAP. We have OLAP Query:

SELECT AVG (Salary) FROM Table 8
WHERE City = Seattle AND Profession = IT;
Conditional Expected Value: E(Salary|City

= Seattle N Profession=1T)
ECYIX)=)i-P(Y=i|X)

i€|c

27)
(28)

As per (27) and (28), the average of a random variable Y
with condition X (Conditional Expected values) and the con-
ditional average of an OLAP query provide the same out-
come. Hence, we can say that a conditional average query
in OLAP corresponds to the conditional expected values in
probability theory. In Fig. 5, we demonstrate the seman-
tic correspondence between the features of SR, OLAP, and
ARM. At the top level, we consider OLAP and its features.
In the middle, we have probability theory and its features,
which work as the middle layer between OLAP, ARM and
at the bottom layer, we provide ARM and its measures.
In OLAP, we have conditional averages over binary columns,
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Stastiscal
Reasoning

Association
Rule Mining

Conditional Avg on
Bitmap Column

Conditional Avg on
Numerical Columns

Conditional
Probability

Conditional
Expected Values

Association Rule
Confidence

Cond.
COUNT

Cond.
MAX

Cond.
SUM

Cond.
MIN

FIGURE 5. Demonstration of semantic correspondence between statistical reasoning, OLAP and association rule mining.

TABLE 9. Semantic correspondence between statistical reasoning, OLAP and association rule mining.

Concepts Statistical Reasoning OLAP Association Rule Mining
Background Probability Space Database Table Transaction Dataset

Data Notion (2,%,P) {C1 xCa...xCrn} I={i1,ia...in}

Data Implementation Table Table Bitmap Table (in classical ARM)

Average of a bitmap col-
umn Y : {0, 1} under dic-
ing w.rt setting bitmap
columns X;...X,, to
truth values (i.e., 1)
Average of a bitmap col-
umn Y {0,1} un-
der dicing w.r.t setting dis-
crete columns X1 ... X
to arbitrary values

Conditional Probability

P(Y|X1,...,Xm)=

P(YNX1N...0X:m)
P(X1N...0NXm)

Conditional Probability
PY|X1=21,...,Xm = Tm) =
P(YNX;=z1N..NXm=zm)
P(X1NX1=z1N...NXm=zm)

SELECT Avg(Y) FROM T
WHERE X; = 1 AND ... AND
Xm =1

SELECT Avg(Y) FROM T
WHERE X; = 1 AND ... AND
Xm = Tm

and Table with discrete value
columns (in practical ARM tools)
Confidence Conf(Xl7 ey X =
Y) (in classical ARM)

Confidence
Conf(Xlzzm, o X = >
Y) (in practical ARM tools)

Average of a  Conditional Expected Value SELECT Avg(Y) FROM T -
numerical column ko WHERE X; = z1 AND ... AND
Y : {io, .. ik} CR E(Y\len-me):nz::Oln' Xom = Tm
under dicing WLt P(Y=ig|X1=21,. . ., X;m=Tm)
setting discrete columns
X1...Xm to arbitrary
values
Tools SPSS, SAS, R IBM Cognos, Palo, Mondrian, Rapidminer, Orange, Weka
OLAP server, Pivot Table
Information
Graphical User Interface
T 'y
v |
PROCESSING ACIF GENERATOR DSTs PATTERN EVALUATION
Raw Data Module 1 Module 1
Influencing
—> — —>

Inpl@—'

Factor
Generator

SEMANTIC MAPPER

Module n Module n

Module 1

Semantic
Mapping

l—ﬁl Reporting I—

FIGURE 6. A high level abstraction of the framework for the unification of decision support techniques.

conditional averages over numerical columns, and differ-
ent other conditional aggregates like Max, Min, Sum, etc.
In OLAP, conditional averages on binary columns correspond

to conditional probability, and they also correspond to confi-
dence in ARM. However, conditional averages on numerical
columns in OLAP correspond to conditional expected values
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Graphical User Interface

Information

v

- ---»f

PROCESSING ACIF GENERATOR

DSTs PATTERN EVALUATION

Raw Data
(MS-Excel, Oracle)

Transform

Influencing
Factor
Generator

Statistical Statistical
Reasoning Methods

OLAP |:> Conditior.la]
Aggregation SEMANTIC MAPPER
Association Support/Conf —>| Semantic |_.| Reporting l—
Rule Mining idence/Lift Mapping

FIGURE 7. A detailed overview of the framework for the unification of decision support techniques.

in probability theory. Based on these semantic correspon-
dences between SR, OLAP, and ARM, we are convinced that
DSTs have common features with different names. However,
they are being used differently. Therefore, the unification of
SR, OLAP, and ARM will provide an advanced novel frame-
work for next-generation decision support tools. In Table 9,
we provide a list of semantic correspondence between the
features of SR, OLAP, and ARM.

V. THE FRAMEWORK, EVALUATION AND EXPERIMENTS
In this section, the framework for the unification of three
DSTs is presented. As a data science process provided by
Schutt and O’Neil [66], the proposed framework is modular in
design and every module in the framework can be displaced.
In Fig. 6, we illustrate the high-level abstraction of the frame-
work and based on the process of knowledge discovery in
databases (KDD) [36], a detailed overview of the proposed
framework is given in Fig. 7.

The framework consists mainly of seven major compo-
nents. The Graphical User Interface (GUI) allows decision-
makers to communicate with the framework to process the
raw data. The data pre-processing includes various operations
and checks, including discretization, cleaning, e.g., checking
for corrupt data, reviewing the types of data, transforming
and integrating data in useful formats, etc. The ACIF gen-
erator in the framework is developed for decision-makers to
select the target columns and influencing factors to generate
different combinations of data items. The decision support
engine is a set of multiple DSTs, allowing decision-makers
to select one or more techniques to process the data and get
insights. The Pattern evaluation is used to find interesting
information using different methods from SR, OLAP, and
ARM. The semantic mapper is a manual process to map the
results of DSTs and reports different semantic correspon-
dences between them. A brief description of all the significant
components of the proposed framework is given in Table 10.

A. IMPLEMENTATION OF THE PROPOSED FRAMEWORK

To demonstrate the usability of the proposed framework,
an instance of the framework is developed using ASP.NET,
an open-source framework for developing web applications.
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The resulting tool is an example of a next-generation decision
support tool implemented by adopting the proposed frame-
work. A summary of technologies and framework used for
the implementation of the tool is given in Table 11. The
programming code and other instructions on how to use the
proposed tool are available in the GitHub repository [15].
The AJAX request methods are used throughout the tool’s
implementation to establish a connection between the client
and server. JSON serialization and deserialization functions
convert .NET objects (strings) to JSON format and JSON for-
mat to .NET objects. We use Oracle database and Microsoft
Excel as databases and for OLAP, we have used relational
algebra in the tool.

The tool first recognizes different kinds of data
(discretized, numerical, categorical) and then develops gen-
eralized association rules for the various combinations of
influencing factors and target columns. In the tool, if the
selected target column is numerical, then the aggregate func-
tion is used, and the average value of the target column
is calculated against the chosen influencing factors by the
following SQL query; Select AVG (target column) from table
group by in uencing factors. If the specified target column is
numerical, the aggregate function is employed in the tool, and
the average value of the target column is determined against
the chosen influencing factors using the SQL statement;
Select AVG (target column) from table group by in uencing
factors. If the selected column is categorical, the tool uses the
following SQL query to determine the conditional probability
of the target column; Select conditional probability of target
column under in uencing factor from table group by target
column and in uencing factors. Both support and lift are
calculated for numerical and categorical target columns. For
the numerical target column, the order of columns is support,
lift, an average value of the target column, and then influenc-
ing factors. For the categorical target column, the columns
are listed in the following order: support, lift, conditional
probability, target column, and influencing variables.

1) ACIF GENERATOR
In the tool, we have developed a function for ACIF gen-
erator and implemented it in the proposed framework.
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TABLE 10. Summary of the components used to develop the framework
for the unification of DSTs.

Component Objective

Graphical User Inter- GUI is Used to communicate between
face decision-makers and the framework
Data pre-processing The data pre-processing step includes var-
ious operations and checks, including dis-
cretization and cleaning (e.g., checking for
corrupt data, reviewing the types of data,
transforming and integrating data in useful
formats, etc.)
ACIF The ACIF generator is used to compute all
the combinations of influencing factors
Decision Support En-  DSE is a set of DSTs used in the framework
gine (DSE)
Pattern Evaluation In pattern evaluation, a set of measures from
different DSTs are used to evaluate the use-
fulness of the patterns between the data items
Semantic mapper is a process to compare the
outcome of DSTs
The reporting process is used to generate
various reports for the outcome of DSTs

Semantic Mapper

Reporting

TABLE 11. Summary of the technologies and framework used for the
implementation of the tool.

Description Technologies
Programming Language C#
Development Framework ASP.NET

Requesting data through the web server ~ AJAX

Data access to the Oracle database Oracle Data
(ODP), ODP.NET
OLE DB

Provider

Data access to the Microsoft Excel file

The ACIF generator is developed to select the target column
and influencing factors to generate all possible combinations
of the selected target column and influencing factors. First,
the generator identifies the column combinations from the
dataset and generates reports for the target column and influ-
encing factors. The pseudo-code for the ACIF generator and
ACIF report generator is given in Listing 1. In the pseudo-
code, the CREATE_COMBINATIONS function is defined
to pass the information of influencing columns and the
number of columns. This function calculates the possible
combinations of the selected influencing factors. In line 15,
the GENERATE_REPORT function is defined to generate
the reports for various combinations of influencing factors
against target columns. This function passes the informa-
tion about the table name, target columns and influencing
columns. In this function, the SQL statement is used to
retrieve the support, lift, conditional averages and influencing
factors from the data source.

2) MATHEMATICAL DESCRIPTION OF THE ACIF GENERATOR

Let T be a database Table with multiple columns C = {X; :
T1, ..., Xn: T}, where Xj...X, represent column names
and T;...T, represent column types. To calculate various
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operations of SR, OLAP and ARM for T,

Vi<y <n

vD = {Xi: Dl""fxn//xfl: Dy_1} €
C(Dj=dy,...,dn)

Vdi IS D],...,d]///_l S Dlp,]

Here, D is the subset of C and the influencing factor.
VW:ReCorY =X:B,Xj:djeC

Y is the target column, R is the real-valued numbers then.
Support:

POV, X[ =d1, ..., X} =dy 1) (29)
Average:
ECY X =0y, .o, X =dy1) (30)

Lift:
E(Y [X{=dp.....X},_ =dy_1)
E(Y)

€1V

B. EXPERIMENTS ON THE PROPOSED FRAMEWORK

The experiment section demonstrates the potential of the
introduced framework. The tool is evaluated on two real
datasets and one synthetic dataset. The tool is tested on a com-
puter with an Intel(R) Core(TM) i5-8265U CPU @ 1.60GHz,
1800 Mhz, 4 Core(s), 8 Logical Processor(s), 16 GB RAM
and Windows 10 x 64 operating system. The programming
code, datasets, and other necessary instructions about the tool
are available in the GitHub repository [15].

The datasets are summarized in Table 12, in which
we highlight the number of records, number of attributes,
and number of numeric attributes. The first Dataset, New
Jersey (NJ) School Teacher Salaries (2016) [67] contains
138,715 records and 15 attributes, while another real
dataset, DC public government employees [68] contains
33, 424 records, which are huge in numbers to check the
performance of the tool. In the table, we have described the
dataset attributes with their types. Dataset NJ Teacher Salaries
(2016) consists of salary, job, and experience data for the
teachers and employees in New Jersey schools. The data are
sourced from the (NJ) Department of Education. The second
real dataset is a list of DC public government employees and
their salaries in 2011. The second data set is sourced from
the washington times via freedom of information act (FOIA)
requests. We have also tested the proposed tool on the sam-
ple dataset UDS1 [69]. This dataset contains 1, 470 records
with different combinations of numerical, categorical, and
discretized attributes. A feature list obtained by parsing the
UDSI1 dataset is summarized in Table 13.

In the datasets, the target column is the one for which
we are computing ARM operations, i.e., support, confi-
dence, lift and OLAP averages with respect to an influenc-
ing factor. An influencing factor is an attribute that impacts
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2All
oDAge
oDEducation B Further measures
oDGender . Target / principal measure
eDODailyRate . Influencing factors
Report
3 SUPPORT LIFT AVG_DailyRate Age Education Gender
1 0.222 0.97 825.44 20-30
2 0.116 0.98 822.42 A
3 0.400 0.99 808.27 Female
4 0.056 0.96 837.75 20-30 A
5 0.082 0.93 836.38 20-30 Female
6 0.018 0.86 928.96 20-30 A Female
7 0.041 0.96 836.97 A Female

FIGURE 8. A sample report comparing the results of OLAP and ARM measures is as follows: the ARM operations (support, confidence, lift)
and OLAP operations (averages) are displayed. A sample dataset is used to generate the report, which includes all possible combinations
of influencing factors and numerical target columns.

Listing 1 Pseudo-Code to Find the ACIF and Generate ACIF Reports

1: function CREATE_COMBINATIONS (influencing_Columns[], numberofColumns)

2: if numberofColumns == \text{0}~then

3: return []

4. return_Values = []

5: for i = \text{l}~to LENGTH (influencing_Columns) do

6: colName = influencingColumns[i]

7: partiallst = REMOVE_COLUMN (i, influencingColumns)

8: for each: j in CREATE_COMBINATIONS (partialLst, numberofColumns - 1) do
9: APPEND_TO (return_Values, ADD_FIRST (colName, j))

10: end for

11: end for

12: return return_Values

13: end function

14:

16: function GENERATE_REPORT (table_Name, target_Column, influencing_ Columns/[])
16: for i = \text{l}~to LENGTH (influencing_Columns) do

17: column_Combination = call:CREATE_COMBINATIONS (influencingColumns, i)
18: for each: Combinations in column_Combination

19: "SELECT COUNT (*)/ (SELECT COUNT (*) FROM "+table_Name+") AS SUPPORT,
AVG ("+target_Column+") AS LIFT,

AVG ("+target_Column+") AS AVG_targetColumn, "+ Combinations +"

FROM "+table_Name +"

GROUP BY
ORDER BY

20:
21:
22

"+ Combinations +"
"+ Combinations;"
end for
end for
end function

the target columns. Therefore, we also denote the WHERE
clause as an influencing factor for the target column in OLAP
computations. The UDS1 dataset consists four columns with
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different data types; age is discretized, gender is categorical,
education is categorical and DailyRate is numerical. The
column Age has the age groups as 20 — 30, 30 — 40, etc.,
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TABLE 12. Summary of datasets used to evaluate performance of the proposed tool.

Dataset Type Title Records Total Attributes Numerical Attribute
Real NI Teacher Salaries (2016) [67] 138715 15 5
Real Public government employees 33424 6 2
Synthetic UDSI1 1470 4 1

TABLE 13. A summary of different attributes obtained by parsing the
datasets.

S.No. Feature Type
1 Age DISCRETIZED
2 DailyRate NUMERICAL
3 Education CATEGORICAL
4 Gender CATEGORICAL
Running Time
40000
35000
30000
\é, 25000
£
E" 20000
§ 15000
o
10000
5000
o |
NJ Teacher DC Public Employees uDS1
Datasets

FIGURE 9. Running time and performance variation of the proposed tool
induced by the number of records in the datasets.

and gender has two categorical values; Male and female.
Education has five categorical levels A, B, C, D, and E.
For example, if we select education as the target column
and its values are A, B, C, D, and E. Here, education is
a factor and its values are instances of the factor. The tool
calculates the conditional probability for each instance in the
generated report. For example, suppose we select DailyRate
as the target column and age, gender and education as influ-
encing factors. In this case, all possible combinations of the
target column are generated against all selected influencing
factors.

At the first step, the tool checks for the types of input data.
Then it generates generalized association rules concerning
the possible combinations of influencing factors and target
columns. In the second step, the tool provides aggregate
values, the conditional probability of the target column for
each combination of influencing factors and target column.
For SR, the tool calculates conditional probability and the
mean value for the numeric target column concerning the
influencing factors. For ARM operations, the tool calculates

12808

Records in Datasets
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100000
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Number of Records
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0 .

NJ Teacher DC Public Employees uDS1
Datasets

FIGURE 10. Number of records in datasets.

the support, confidence, and lift. For OLAP operations, the
tool computes conditional averages. An overview of the com-
putation of different SR, OLAP, and ARM operations is given
in Fig. 8. In the report, the blue color code shows ARM
operations. The green color code displays the target column,
and the red color code indicates the influencing factors.

We have analyzed the performance of the proposed tool
with three datasets. The performance of the tool varies with
the number of records. If the number of records in a dataset
is high, the tool has higher running time and slow per-
formance. In Fig. 9, the performance variation induced by
the number of records in a dataset is shown. The Dataset
NJ Teacher has a huge number of records; therefore, its
running time is 36, 650 milliseconds. Dataset DC Public
Employees has 33, 424 records. Therefore, its running time
is 22, 090 milliseconds, and the sample dataset UDS1 has a
small number of records, i.e., 1, 470; therefore, its running
time is 2, 030 milliseconds. Running time and performance
variation of the proposed tool induced by the number of
records in the datasets is shown in Fig. 10. A summary of
records in datasets and performance variation of the tool with
the datasets is given in Fig. 11.

C. ADVANTAGES OF THE PROPOSED TOOL OVER
EXISTING DECISION SUPPORT TOOLS
In this section, we compare the capabilities of the proposed
tool with one of the state of the art decision support platforms,
i.e., RapidMiner [70].

Unlike any other decision support tool, the proposed
tool altogether computes SR operations, i.e., conditional
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160000
140000 = - - - - - -
120000
100000
2] 80000
o
o
o
w
= 60000
40000 R R R . %\‘/‘
20000
0 ¥ ¥ \ 4 ¥ ¥ ¥ ¥
1 2 3 4 5 6 7
—+—NJ Teacher Performance 36650 37000 39479 39170 40189 35610 43980
~=-NJ Teacher Records 138715 138715 138715 138715 138715 138715 138715
DC Public Performance 22090 21000 23170 24890 25980 24780 22000
DC Public Records 33424 33424 33424 33424 33424 33424 33424
=#=UDS1 Performance 2030 2189 2265 2167 2060 2289 2060
~e—UDS1 Records 1470 1470 1470 1470 1470 1470 1470
FIGURE 11. Performance summary of the tool under two real datasets and one synthetic dataset.
DAl
o@Age
e OEducation . Further measures
on0Gender . Target / principal measure
o0DailyRate . Influencing factors
Report
# SUPPORT LIFT CONDITIONAL_PROBABILITY Education Age
1 0.056 0.488 0.488 A 20-30
2 0.043 0.223 0.223 B 20-30
3 0.097 0.25 0.25 c 20-30
4 0.023 0.085 0.085 D 20-30
5 0.002 0.062 0.062 E 20-30

FIGURE 12. In the proposed tool: a sample project for generating all possible combinations of influencing factors against target

columns.

probability, OLAP operation, i.e., conditional averages,
and ARM operations, i.e., support, confidence, and lift,
see Fig. 12. In addition, the tool computes the aver-
age value of a numerical target column against all pos-
sible combinations of influencing factors. In Fig. 8, a
sample report is given for generating all possible com-
binations of influencing factors against the target col-
umn. However, in RapidMiner, to calculate the average
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value of a numerical target column against all possible
combinations of influencing factors, a decision-maker needs
to create multiple connections for all the possible combina-
tions of influencing factors. Moreover, a decision-maker must
create a new project for each dataset and repeatedly modify its
columns and combinations. Therefore, in Fig. 13, we provide
a sample use case to generate all possible combinations of
influencing factors against the target column in RapidMiner.
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FIGURE 13. In RapidMiner: a sample project for generating all possible combinations of influencing factors against target columns.

TABLE 14. A sample list of premises and conclusions generated by
RapidMiner for the influencing factors and target column.

Conclusion

Gender, Age = 30-40
Age = 30-40, Education =D

Premises

Education =D
Gender

Additionally, in RapidMiner, the influencing factors and
their values are stored in a single column called the ‘con-
clusion’ column as “influencing factors=value”. The target
column and its values are stored in the ‘premises’ column as
“Target Column=value”. A sample list of premises and con-
clusions generated by RapidMiner for the influencing factors
and target column is displayed in Table 14. The representation
of the target factors and influencing factors is difficult to
understand. It is hard for decision-makers to identify each
factor and its instance from the multiple tables. However, the
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proposed tool creates a separate column for each factor to
identify the target column and influence factors quickly. In the
tool, a decision-maker can select the target column and all
influencing factors at once to generate all combinations of
target factors and all influencing factors.

VI. FUTURE WORK

This paper provides a foundation for uncovering the semantic
correspondences between DSTs and utilizing them to develop
a framework for the unified usages of DSTs. However, the
research is yet limited in scope to find the semantic corre-
spondences between the three DSTs only; therefore, in the
near future, more DSTs can be investigated to identify the
semantic correspondences between them to develop cutting-
edge frameworks for next-generation decision support tools.
The unified usage of DSTs will not only be helpful in building
robust frameworks for a variety of decision support tools but
also open a new domain of research for hybrid DSTs.
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Furthermore, we intend to build an advanced platform by
implementing additional features in the proposed tool, e.g.,
Pearson correlation, regression, etc. We are also working on
a new measure to identify any instance of Simpson’s paradox
in Big Data. Implementing these measures in the proposed
platform will enable decision-makers to determine the gen-
uine and unbiased impact factors.

The proposed tool has some performance issues with
large datasets momentarily; therefore, we plan to scale up
the performance of the tool by utilizing high-performance
computing (HPC) infrastructure and making it available to
the decision-makers. We intend to build it as a trustworthy
platform and grow as a service provider in the near future.

VIl. CONCLUSION

In this paper, we analyzed a series of approaches to over-
come the divide between the three most popular DSTs, i.e.,
SR, OLAP and ARM. We contributed by elaborating the
semantic correspondences between the foundations of SR,
OLAP and ARM, i.e., probability theory, relational algebra
and the itemset apparatus, respectively. The support of an
itemset corresponds to the probability of a corresponding
event and the confidence of an association rule corresponds
to the conditional probability of two corresponding events.
Furthermore, the OLAP average aggregate function corre-
sponds to conditional expected values, which closes the loop
between ARM, OLAP and probability theory with respect to
the most important constructs in ARM and OLAP. We have
proposed a novel framework for the unification of DSTs and
implemented a tool to validate the concept of unification. The
tool provides unified usage of DSTs in a classical decision
support process and clarifies in how far the operations of SR,
ARM, and OLAP can complement each other in understand-
ing data, data visualization and decision making. The tool
was developed on the basis of an open-source framework and
tested with two real datasets and one synthetic dataset. The
results and performance of the tool show valuable contribu-
tions towards developing the next-generation DSSs.
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